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Abstract
I describe our understanding of physics near the planck length, in particular the
great progress of the last four years in string theory. Superstring theory, and a recent
extension called M theory, are leading candidates for a quantum theory that unies
gravity with the other forces. As such, they are certainly not ordinary quantum
eld theories. However, recent duality conjectures suggest that a more complete
denition of these theories can be provided by the large N limits of suitably chosen
U(N) gauge theories associated to the asymptotic boundary of spacetime.
1 Introduction
As we all know, quantum eld theory has been extremely successful in providing
a description of elementary particles and their interactions. However, it does not
work so well for gravity. If we naively try to quantize general relativity − which
is a classical eld theory − using the methods of quantum eld theory, we run
into divergences which cannot be removed by using the conventional renormaliza-
tion techniques of quantum eld theory. An example of such a divergent graph
contributing to e− − e− scattering has been shown in Fig.1.
String theory is an attempt to solve this problem[1]. The basic idea in string
theory is quite simple. According to string theory, dierent elementary particles,
instead of being point like objects, are dierent vibrational modes of a string. Fig.2
shows some of the oscillation modes of closed strings and open strings. However,
the typical size of a string is extremely small, being of the order of the Planck length
( 10−33cm:). Thus in all present day experiments these will appear to be point-like
objects, and string theory will be indistinguishable from an ordinary quantum eld
theory.
This simple idea has drastic consequences. One nds that
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Figure 1: Divergent contribution to e− − e− scattering in quantum general relativity. In
this diagram the solid lines denote the electron propagator and the broken lines denote
graviton propagator.
Figure 2: Some vibrational modes of closed and open strings
 A consistent quantum string theory does not suer from any ultraviolet diver-
gences.
 The spectrum of such a string theory automatically contains a massless spin
two state which has all the properties of a graviton − the mediator of gravi-
tational interaction.
Thus string theory automatically gives us a nite quantum theory of gravity! How-
ever, there are problems in the immediate application of string theory to our world.
One nds that:
 String theory is consistent only in (9+1) dimensional space-time instead of the
(3+1) dimensional space-time in which we live.
 Instead of a single string theory there are ve consistent string theories in
(9+1) dimensions. They are named as:
Type IIA, Type IIB, Type I,
E8  E8 heterotic and SO(32) heterotic
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As we shall see, the rst problem is resolved using the idea of compactication.
The second problem is partially resolved using the idea of duality.
2 A Review of Perturbative String Theory
String theory is based on the simple idea that elementary particles, which appear as
point-like objects to the present day experimentalists, are actually dierent vibra-
tional modes of strings. The energy per unit length of the string, known as string
tension, is parametrized as (20)−1, where 0 has the dimension of (length)2. As
we shall describe later, this theory automatically contains gravitational interaction
between elmentary particles, but in order to correctly reproduce the strength of
this interaction, we need to choose
p
0 to be of the order of 10−33cm. Since
p
0 is
the only length parameter in the theory, the typical size of a string is of the order
of
p
0  10−33cm − a distance that cannot be resolved by present day experi-
ments. Thus there is no direct way of testing string theory, and its appeal lies in its
theoretical consistency.
A B
Figure 3: Propagation of a closed string.
The basic principle behind constructing a quantum theory of relativistic string
is quite simple. Consider propagation of a string from a space-time conguration
A to a space-time conguration B. During this motion the string sweeps out a
two dimensional surface in space-time, known as the string world-sheet (see Fig.3).
The amplitude for the propagation of the string from the space-time position A to
space-time position B is given by the weighted sum over all world-sheet bounded
by the initial and the nal locations of the string. The weight factor is given by
e−S where S is the product of the string tension and the area of the world-sheet.
It turns out that this procedure by itself does not give rise to a fully consistent
string theory. In order to get a fully consistent string theory we need to add some
internal fermionic degrees of freedom to the string and generalize the notion of area
by adding new terms involving these fermionic degrees of freedom. The leads to ve
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Figure 4: (a) A closed string, and (b) an open string.
(apparently) dierent consistent string theories in (9+1) dimensional space-time, as
we shall describe.
In the rst quantized formalism, the dynamics of a point particle is described by
quantum mechanics. Generalizing this we see that the rst quantized description
of a string will involve a (1+1) dimensional quantum eld theory. However unlike a
conventional quantum eld theory where the spatial directions have innite extent,
here the spatial direction, which labels the coordinate on the string, has nite extent.
It represents a compact circle if the string is closed (Fig.4(a)) and a nite line interval
if the string is open (Fig.4(b)). This (1+1) dimensional eld theory is known as the
world-sheet theory. The elds in this (1+1) dimensional quantum eld theory and
the boundary conditions on these elds vary in dierent string theories. Since the
spatial direction of the world-sheet theory has nite extent, each world-sheet eld
can be regarded as a collection of innite number of harmonic oscillators labelled
by the quantized momentum along this spatial direction. Dierent states of the
string are obtained by acting on the Fock vacuum by these oscillators. This gives
an innite tower of states. Typically each string theory contains a set of massless
states and an innite tower of massive states. The massive string states typically
have mass of the order of (10−33cm)−1  1019GeV and are far beyond the reach
of the present day accelerators. Thus the interesting part of the theory is the
one involving the massless states. We shall now briefly describe the spectrum and
interaction in various string theories and their compactications.
2.1 The spectrum
There are ve known fully consistent string theories in ten dimensions. They are
known as type IIA, type IIB, type I, E8 E8 heterotic and SO(32) heterotic string
theories respectively. Here we give a brief description of the degrees of freedom
and the spectrum of massless states in each of these theories. We shall give the
description in the so called light-cone gauge which has the advantage that all states
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in the spectrum are physical states.
1. Type II string theories: In this case the world-sheet theory is a free eld the-
ory containing eight scalar elds and eight Majorana fermions. These eight
scalar elds are in fact common to all ve string theories, and represent the
eight transverse coordinates of a string moving in a nine dimensional space.
It is useful to regard the eight Majorana fermions as sixteen Majorana-Weyl
fermions, eight of them having left-handed chirality and the other eight hav-
ing right-handed chirality. We shall refer to these as left- and right-moving
fermions respectively. Both the type II string theories contain only closed
strings; hence the spatial component of the world-sheet is a circle. The eight
scalar elds satisfy periodic boundary condition as we go around the circle.
The fermions have a choice of having periodic or anti-periodic boundary condi-
tions. It is customary to refer to periodic boundary condition as Ramond (R)
boundary condition[?] and anti-periodic boundary condition as Neveu-Schwarz
(NS) boundary condition[?]. It turns out that in order to get a consistent string
theory we need to include in our theory dierent classes of string states, some
of which have periodic and some of which have anti-periodic boundary condi-
tion on the fermions. In all there are four classes of states which need to be
included in the spectrum:
 NS-NS where we put anti-periodic boundary conditions on both the left-
and the right-moving fermions,
 NS-R where we put anti-periodic boundary condition on the left-moving
fermions and periodic boundary condition on the right-moving fermions,
 R-NS where we put periodic boundary condition on the left-moving fermions
and anti-periodic boundary condition on the right-moving fermions,
 R-R where we put anti-periodic boundary conditions on both the left- and
the right-moving fermions.
Finally, we keep only about (1/4)th of the states in each sector by keeping
only those states in the spectrum which have in them only even number of left-
moving fermions and even number of right-moving fermions. This is known
as the GSO projection[?]. The procedure has some ambiguity since in each of
the four sectors we have the choice of assigning to the ground state either even
or odd fermion number. Consistency of string theory rules out most of these
possibilities, but at the end two possibilities remain. These dier from each
other in the following way. In one possibility, the assignment of the left- and
the right-moving fermion number to the left- and the right-moving Ramond
ground states are carried out in an identical manner. This gives type IIB
string theory. In the second possibility the GSO projections in the left- and
the right-moving sector dier from each other. This theory is known as type
IIA string theory.
Typically states from the Ramond sector are in the spinor representation of the
SO(9,1) Lorentz algebra, whereas those from the NS sector are in the tensor
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representation. Since the product of two spinor representation gives us back
a tensor representation, the states from the NS-NS and the RR sectors are
bosonic, and those from the NS-R and R-NS sectors are fermionic. It will be
useful to list the massless bosonic states in these two string theories. Since
the two theories dier only in their R-sector, the NS sector bosonic states are
the same in the two theories. They constitute a symmetric rank two tensor
eld, an anti-symmetric rank two tensor eld, and a scalar eld known as
the dilaton.1 The RR sector massless states of type IIA string theory consist
of a vector, and a rank three anti-symmetric tensor. On the other hand, the
massless states from the RR sector of type IIB string theory consist of a scalar,
a rank two anti-symmetric tensor eld, and a rank four anti-symmetric tensor
gauge eld satisfying the constraint that its eld strength is self-dual.
The spectrum of both these theories are invariant under space-time supersym-
metry transformations which transform fermionic states to bosonic states and
vice-versa. The supersymmetry algebra for type IIB theory is known as the
chiral N=2 superalgebra and that of type IIA theory is known as the non-
chiral N=2 superalgebra. Both superalgebras consist of 32 supersymmetry
generators.
Often it is convenient to organise the innite tower of states in string theory
by their oscillator level dened as follows. As has already been pointed out
before, the world-sheet degrees of freedom of the string can be regarded as a
collection of innite number of harmonic oscillators. For the creation operator
associated with each oscillator we dene the level as the absolute value of the
number of units of world-sheet momentum that it creates while acting on the
vacuum. The total oscillator level of a state is then the sum of the levels of
all the oscillators that act on the Fock vacuum to create this state. (The Fock
vacuum, in turn, is characterized by several quantum numbers, which are the
momenta conjugate to the zero modes of various elds − modes carrying zero
world-sheet momentum.) We can also separately dene left- (right-) moving
oscillator level as the contribution to the oscillator level from the left- (right-)
moving bosonic and fermionic elds. Finally, if E and P denote respectively
the world-sheet energy and momentum2 then we dene L0 = (E + P )=2 and
L0 = (E − P )=2. L0 and L0 include contribution from the oscillators as well
as from the Fock vacuum. Thus for example the total contribution to L0 will
be given by the sum of the right-moving oscillator level and the contribution
to L0 from the Fock vacuum.
2. Heterotic string theories: The world-sheet theory of the heterotic string theo-
1Although from string theory we get the spectrum of states, it is useful to organise the spectrum in
terms of elds. In other words the spectrum of massless elds in string theory is identical to that of a
free eld theory with these elds.
2We should distinguish between world-sheet momentum, and the momenta of the (9+1) dimensional
theory. The latter are the the momenta conjugate to the zero modes of various bosonic elds in the
world-sheet theory.
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ries consists of eight scalar elds, eight right-moving Majorana-Weyl fermions
and thirty two left-moving Majorana-Weyl fermions. We have as before NS
and R boundary conditions as well as GSO projection involving the right-
moving fermions. Also as in the case of type II string theories, the NS sector
states transform in the tensor representation and the R sector states transform
in the spinor representation of the SO(9,1) Lorentz algebra. However, unlike
in the case of type II string theories, in this case the boundary condition on
the left-moving fermions do not aect the Lorentz transformation properties of
the state. Thus bosonic states come from states with NS boundary condition
on the right-moving fermions and fermionic states come from states with R
boundary condition on the right-moving fermions.
There are two possible boundary conditions on the left-moving fermions which
give rise to fully consistent string theories. They are:
 SO(32) heterotic string theory: In this case we have two possible boundary
conditions on the left-moving fermions: either all of them have periodic
boundary condition, or all of them have anti-periodic boundary condition.
In each sector we also have a GSO projection that keeps only those states
in the spectrum which contain even number of left-moving fermions. The
massless bosonic states in this theory consist of a symmetric rank two
eld, an anti-symmetric rank two eld, a scalar eld known as the dilaton
and a set of 496 gauge elds lling up the adjoint representation of the
gauge group SO(32).
 E8  E8 heterotic string theory: In this case we divide the thirty two
left-moving fermions into two groups of sixteen each and use four possible
boundary conditions, 1) all the left-moving fermions have periodic bound-
ary condition 2) all the left-moving fermions have anti-periodic boundary
condition, 3) all the left-moving fermions in group 1 have periodic bound-
ary conditions and all the left-moving fermions in group 2 have anti-
periodic boundary conditions, 4) all the left-moving fermions in group 1
have anti-periodic boundary conditions and all the left-moving fermions
from group 2 have periodic boundary conditions. In each sector we also
have a GSO projection that keeps only those states in the spectrum which
contain even number of left-moving fermions from the rst group, and also
even number of left-moving fermions from the second group. The mass-
less bosonic states in this theory consist of a symmetric rank two eld,
an anti-symmetric rank two eld, a scalar eld known as the dilaton and
a set of 496 gauge elds lling up the adjoint representation of the gauge
group E8  E8.
The spectrum of states in both the heterotic string theories are invariant under
a set of space-time supersymmetry transformations. The relevant superalge-
bra is known as the chiral N=1 supersymmetry algebra, and has sixteen real
generators.
Using the bose-fermi equivalence in (1+1) dimensions, we can reformulate both
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the heterotic string theories by replacing the thirty two left-moving fermions
by sixteen left-moving bosons. In order to get a consistent string theory the
momenta conjugate to these bosons must take discrete values. It turns out
that there are only two consistent ways of quantizing the momenta, giving us
back the two heterotic string theories.
3. Type I string theory: The world-sheet theory of type I theory is identical to
that of type IIB string theory, with the following two crucial dierence.
 Type IIB string theory has a symmetry that exchanges the left- and the
right-moving sectors in the world-sheet theory. This transformation is
known as the world-sheet parity transformation. (This symmetry is not
present in type IIA theory since the GSO projection in the two sectors
are dierent). In constructing type I string theory we keep only those
states in the spectrum which are invariant under this world-sheet parity
transformation.
 In type I string theory we also include open string states in the spectrum.
The world-sheet degrees of freedom are identical to those in the closed
string sector. Specifying the theory requires us to specify the boundary
conditions on the various elds. We put Neumann boundary condition on
the eight scalars, and appropriate boundary conditions on the fermions.
The spectrum of massless bosonic states in this theory consists of a symmetric
rank two tensor and a scalar dilaton from the closed string NS sector, an anti-
symmetric rank two tensor from the closed string RR sector, and 496 gauge
elds in the adjoint representation of SO(32) from the open string sector. This
spectrum is also invariant under the chiral N=1 supersymmetry algebra with
sixteen real supersymmetry generators.
2.2 Interactions
So far we have discussed the spectrum of string theory, but in order to fully de-
scribe the theory we must also describe the interaction between various particles in
the spectrum. In particular, we would like to know how to compute a scattering
amplitude involving various string states. It turns out that there is a unique way of
introducing interaction in string theory. Consider for example a scattering involving
four external strings, situated along some specic curves in space-time. The pre-
scription for computing the scattering amplitude is to compute the weighted sum
over all possible string world-sheet bounded by the four strings with weight factor
e−S , S being the string tension multiplied by the generalized area of this surface
(taking into account the fermionic degrees of freedom of the world-sheet). One such
surface is shown in Fig.5. If we imagine the time axis running from left to right,
then this diagram represents two strings joining into one string and then splitting
into two strings, − the analog of a tree diagram in eld theory. A more complicated
surface is shown in Fig.6. This represents two strings joining into one string, which
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Figure 5: A string world-sheet bounded by four external strings.
then splits into two and joins again, and nally splits into two strings. This is the
analog of a one loop diagram in eld theory. The relative normalization between
the contributions from these two diagrams is not determined by any consistency
requirement. This introduces an arbitrary parameter in string theory, known as the
string coupling constant. However, once the relative normalization between these
two diagrams is xed, the relative normalization between all other diagrams is xed
due to various consistency requirement. Thus besides the dimensionful parame-
ter 0, string theory has a single dimensionless coupling constant. As we shall see
later, both these parameters can be absorbed into denitions of various elds in the
theory.
What we have described so far is the computation of the scattering amplitude
with xed locations of the external strings in space-time. The more relevant quan-
tity is the scattering amplitude where the external strings are in the eigenstates
of the energy and momenta operators conjugate to the coordinates of the (9+1)
dimensional space-time. This is done by simply taking the convolution of the above
scattering amplitude with the wave-functions of the strings corresponding to the
external states. In practice there is an extremely ecient method of doing this
computation using the so called vertex operators. It turns out that unlike in quan-
tum eld theory, all of these scattering amplitudes in string theory are ultraviolet
nite. This is one of the major achievements of string theory.
Out main interest will be in the scattering involving the external massless states.
The most convenient way to summarize the result of this computation in any string
theory is to specify the eective action. By denition this eective action is such
that if we compute the tree level scattering amplitude using this action, we should
reproduce the S-matrix elements involving the massless states of string theory. In
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Figure 6: A more complicated string world-sheet.
general such an action will have to contain innite number of terms, but we can
organise these terms by examining the number of space-time derivatives that appear
in a given term in the action. Terms with the lowest number of derivatives con-
stitute the low energy effective action, − so called because this gives the dominant
contribution if we want to evaluate the scattering amplitude when all the external
particles have small energy and momenta.
The low energy eective action for all ve string theories have been found. The
actions for the type IIA and type IIB string theories correspond to those of two well
known supergravity theories in ten space-time dimensions, called type IIA and type
IIB supergravity theories respectively. On the other hand the actions for the three
heterotic string theories correspond to another set of well-known supersymmetric
theories in ten dimensions, − N = 1 supergravity coupled to N=1 super Yang-Mills
theory. For type I and the SO(32) heterotic string theories the Yang-Mills gauge
group is SO(32) whereas for the E8 E8 heterotic string theory the gauge group is
E8E8. The emergence of gravity in all the ve string theories is the most striking
result in string theory. Its origin can be traced to the existence of the symmetric
rank two tensor state (the graviton) in all these theories. This, combined with the
result on niteness of scattering amplitudes, shows that string theory gives us a
nite quantum theory of gravity.
The eective action of all ve string theories are invariant under the transfor-
mation
 ! − 2C; gS ! eCgS ; (2.1)
together with possible rescaling of other elds. Here  denotes the dilaton eld,
gS denotes the string coupling, and C is an arbitrary constant. Using this scaling
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property, gS can be absorbed in . Put another way, the dimensionless coupling
constant in string theory is related to the vacuum expectation value hi of .
The perturbative eective action does not have any potential for , and hence
hi can take arbitrary value. One expects that in a realistic string theory where
supersymmetry is spontaneouly broken, there will be a potential for , and hence
hi will be determined uniquely.
In a similar vain one can argue that in string theory even the string tension,
or equivalently the parameter 0, has no physical signicance. Since 0 has the
dimension of (length)2 and is the only dimensionful parameter in the theory, the
eective action will have an invariance under the simultaneous rescaling of 0 and
the metric g :
0 ! 0; g ! g ; (2.2)
together with possible rescaling of other elds. Using this scaling symmetry 0 can
be absorbed into the denition of g .
2.3 Compactification
So far we have described ve dierent string theories, but they all live in ten space-
time dimensions. Since our world is (3+1) dimensional, these are not realistic string
theories. However one can construct string theories in lower dimensions using the
idea of compactication. The idea is to take the (9+1) dimensional space-time as the
product of a (9−d) dimensional compact manifold M with euclidean signature and
a (d+1) dimensional Minkowski space Rd;1. Then, in the limit when the size of the
compact manifold is suciently small so that the present day experiments cannot
resolve this distance, the world will eectively appear to be (d + 1) dimensional.
Choosing d = 3 will give us a (3+1) dimensional theory. Of course we cannot choose
any arbitrary manifoldM for this purpose; it must satisfy the equations of motion of
the eective eld theory that comes out of string theory. One also normally considers
only those manifolds which preserve part of the space-time supersymmetry of the
original ten dimensional theory, since this guarantees vanishing of the cosmological
constant, and hence consistency of the corresponding string theory order by order in
perturbation theory. There are many known examples of manifolds satisfying these
restrictions e.g. tori of dierent dimensions, K3, Calabi-Yau manifolds etc. Instead
of going via the eective action, one can also directly describe these compactied
theories as string theories. For this one needs to modify the string world-sheet action
in such a way that it describes string propagation in the new manifold M Rd;1,
instead of in flat ten dimensional space-time. This modies the world-sheet theory
to an interacting non-linear -model instead of a free eld theory. Consistency
of string theory puts restriction on the kind of manifold on which the string can
propagate. At the end both approaches yield identical results.
The eect of this compactication is to periodically identify some of the bosonic
elds in the string world-sheet eld theory − the elds which represent coordinates
tangential to the compact circles. One eect of this is that the momentum carried
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by any string state along any of these circles is quantized in units of 1=R where R
is the radius of the circle. But that is another novel eect: we now have new states
that correspond to strings wrapped around a compact circle. For such a states, as
we go once around the string, we also go once around the compact circle. These






Figure 7: Example of Compactification. The two dimensional cylinder appears to be one
dimensional if the radius is very small.
It turns out that there are many dierent choices for this six dimensional com-
pact manifold (case d = 3). Thus each of the ve string theories in (9+1) dimensions
gives rise to many possible string theories in (3+1) dimensions after compactica-
tion. Some of these theories come tantalizingly close to the observed universe. In
particular one can construct models with:
 Gauge group containing the standard model gauge group SU(3)  SU(2) 
U(1),
 Chiral fermions representing three generations of quarks and leptons,
 N=1 supersymmetry,
 Gravity.
Furthermore unlike conventional quantum eld theories which are ultraviolet di-
vergent but renormalizable, and quantum general relativity which is ultraviolet di-
vergent and not renormalizable, string theories have no ultraviolet divergence at
all!
2.4 Vacuum Selection and Dynamics
So how do we go from explaining broad patterns to making precise predictions?
The main problem is that string theory has many approximately stable vacua, cor-
responding to dierent shapes and sizes for the rolled-up dimensions. The physics
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that we see depends on which of these vacua we are in. Thus we need to understand
the dynamics of the theory in great detail, so as to determine which vacua are truly
stable, and how cosmology selects one among the stable vacua.
Until recently our understanding of string theory was based entirely on perturba-
tion theory, the analog of the Feynman graph expansion, describing small numbers
of strings interacting weakly. However, we know from quantum eld theory that
there are many important dynamical eects that arise when we have large num-
bers of degrees of freedom and/or strong couplings. Some of these eects, such as
connement, the Higgs mechanism, and dynamical symmetry breaking, play an es-
sential role in the Standard Model. If one did not know about them, one could not
understand how the Standard Model Hamiltonian actually gives rise to the physics
that we see.
String theory is seemingly much more complicated than eld theory, and so
undoubtedly has new dynamical eects of its own. I am sure that all the exper-
imentalists would like to know, \How do I falsify string theory? How do I make
it go away and not come back?" Well, you can’t. Not yet. To understand why,
remember that in the ’50s Wolfgang Pauli thought that he had falsied Yang{Mills
theory, because it seems to predict long range forces not seen in nature. The eld
equations for the weak and strong forces are closely parallel to those for electromag-
netism, and so apparently of innite range. It is the dynamical eects, symmetry
breaking and connement, that make these short range forces. Just as one couldn’t
falsify Yang{Mills theory in the ’50s, one cannot falsify string theory today. In par-
ticular, because we cannot reach the analog of the parton regime where the stringy
physics is directly visible, the physics that we see is ltered through a great deal of
complicated dynamics.
There is a deeper problem as well. The Feynman graph expansion does not con-
verge, in eld theory or string theory. Thus it does not dene the theory at nite
nonzero coupling. One needs more, the analog of the path integral and renormal-
ization group of eld theory.
Happily, since 1994 we have many new methods for understanding both eld
theories and string theory at strong coupling. These have led to steady progress on
the questions that we need to answer, and to many new results and many surprises.
This progress is the subject of the rest of my lectures.
3 Unifications
The next step in understanding the weak, strong and electromagnetic interactions
will probably require the inclusion of gravity as well. There are many reasons for
making this statement, but I will focus on two, one based on supersymmetry and









Figure 8: The three gauge couplings and the dimensionless gravitational coupling as
functions of the energy. Here αG = GNE
2/8pi.
3.1 Supersymmetry
What is supersymmetry? I will answer this in more detail later, but for now let me
give two short answers:
A. A lot of new particles.
B. A new spacetime symmetry.
Answer A is the pragmatic one for a particle experimentalist or phenomenologist.
In answer B, I am distinguishing internal symmetries like flavor and electric charge,
which act on the elds at each point of spacetime, from symmetries like Lorentz
invariance that move the elds from one point to another. Supersymmetry is of the
second type. If the widely anticipated discovery of supersymmetry actually takes
place in the next few years, it not only means a lot more particles to discover.
It also will be the rst new spacetime symmetry since the discovery of relativity,
bringing the structure of the particle interactions closer to that of gravity; in a sense,
supersymmetry is a partial unication of particle physics and gravity.
The unication of the couplings is depicted in 3.1. This is usually drawn with a
rather dierent vertical scale. Here the scale is compressed so that the three gauge
couplings can hardly be distinguished, but this makes room for the fourth coupling,
the gravitational coupling. Newton’s constant is dimensionful, so what is actually
drawn is the dimensionless coupling GNE2 with E the energy scale and ~ = c = 1.
This dimensionless gravitational coupling depends strongly on energy, in contrast
to the slow running of the gauge couplings.
It is well-known that the three gauge couplings unify to good accuracy (in su-
persymmetric theories) at an energy around 2  1016 GeV. Note however that the
fourth coupling does not miss by much, a factor of 20 or 30 in energy scale. This
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is another way of saying that the grand unication scale is near the Planck scale.
In fact, the Planck scale MP = 2 1019 GeV is deceptively high because of various
factors like 4 that must be included. Figure 1 suggests that the grand unication
of the three gauge interactions will actually be a very grand unication including
gravity as well. The failure of the four couplings to meet exactly could be due to
any of several small eects, which I will discuss briefly later.3
Figure 1 also shows why the phenomenologies of the gauge interactions and grav-
ity are so dierent: at accessible energies the coupling strengths are very dierent.
For the same reason, the energy scale where the couplings meet is far removed from
experiment. Nevertheless, we believe that we can deduce much of what happens at
this scale.
3.2 Supersymmetry and Strong Coupling
The key that makes it possible to discuss the strongly coupled theory is supersym-
metry. One way to think about supersymmetry is in terms of extra dimensions |
but unlike the dimensions that we see, and unlike the small dimensions discussed
earlier, these dimensions are ‘fermionic.’ In other words, the coordinates for or-
dinary dimensions are real numbers and so commute with each other: they are
‘bosonic;’ the fermionic coordinates instead satisfy
ij = −ji : (3.3)
For i = j this implies that 2i = 0, so in some sense these dimensions have zero size.
This may sound rather mysterious but in practice the eect is the same as having
just the bosonic dimensions but with an extra symmetry that relates the masses
and couplings of fermions to those of bosons.
To understand how supersymmetry gives new information about strong cou-
pling, let us recall the distinction between symmetry and dynamics. Symmetry tells
us that some quantities (masses or amplitudes) vanish, and others are equal to one
another. To actually determine the values of the masses or amplitudes is a dy-
namical question. In fact, supersymmetry gives some information that one would
normally consider dynamical. To see this, let us consider in quantum theory the
Hamiltonian operator H, the charge operator G associated with an ordinary sym-
metry like electric charge or baryon number, and the operator Q associated with a
supersymmetry. The statement that G is a symmetry means that it commutes with
the Hamiltonian,
[H;G] = 0 : (3.4)
For supersymmetry one has the same,
[H;Q] = 0 ; (3.5)
3I will also discuss briefly the idea of low energy string theory, in which 3.1 is drastically changed.
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but there is an additional relation
Q2 = H +G ; (3.6)
in which the Hamiltonian and ordinary symmetries appear on the right. There
are usually several Gs and several Qs, so that there should be additional indices
and constants in these equations, but this schematic form is enough to explain
the point. It is this second equation that gives the extra information. To see one
example of this, consider a state j i having the special property that it is neutral
under supersymmetry:
Qj i = 0 : (3.7)
To be precise, since we have said that there are usually several Qs, we are interested
in states that are neutral under at least one Q but usually not all of them. These are
known as BPS (Bogomolnyi–Prasad–Sommerfield) states. Now take the expectation
value of the second relation (3.6) in this state:
h jQ2j i = h jHj i + h jGj i : (3.8)
The left side vanishes by the BPS property, while the two terms on the right are
the energy E of the state j i and its charge q under the operator G. Thus
E = −q ; (3.9)
and so the energy of the state is determined in terms of its charge. But the energy
is a dynamical quantity: even in quantum mechanics we must solve Schro¨dinger’s
equation to obtain it. Here, it is determined entirely by symmetry information.
(There is a constant of proportionality missing in (3.9), because we omitted it
from (3.6) for simplicity, but it is determined by the symmetry.)
Since the calculation of E uses only symmetry information, it does not depend
on any coupling being weak: it an exact property of the theory. Thus we know
something about the spectrum at strong coupling. Actually, this argument only
gives the allowed values of E, not the ones that actually appear in the spectrum.
The latter requires an extra step: we rst calculate the spectrum of BPS states at
weak coupling, and then adiabatically continue the spectrum: the BPS property
enables us to follow the spectrum to strong coupling.
The BPS states are only a small part of the spectrum, but by using this and
similar types of information from supersymmetry, together with general properties
of quantum systems, one can usually recognize a distinctive pattern in the strongly
coupled theory and so deduce the dual theory. Actually, this argument was already
made by Montonen and Olive in 1977, but only in 1994, after this kind of reasoning
was applied in a systematic way in many examples starting with Seiberg, did it
become clear that it works and that electric{magnetic duality is a real property of
supersymmetric gauge theories.
16
3.3 Beyond Four Dimensions
Gravity is the dynamics of spacetime. It is very likely that at lengths near the
Planck scale (LP = 10−33 cm) it becomes evident that spacetime has more than the
four dimensions that are visible to us. That is, spacetime is as shown in gure 2a,
with four large dimensions (including time) and some additional number of small
and highly curved spatial dimensions.
A physicist who probes this spacetime with wavelengths long compared to the
size of the small dimensions sees only the large ones, as in gure 2b. I will rst give
two reasons why this is a natural possibility to consider, and then explain why it is
a good idea.
The rst argument is cosmological. The universe is expanding, so the dimensions
that we see were once smaller and highly curved. It may have been that initially
there were more than four small dimensions, and that only the four that are evident
to us began to expand. That is, we know of no reason that that the initial expansion
had to be isotropic.
The second argument is based on symmetry breaking. Most of the symmetry
in nature is spontaneously broken or otherwise hidden from us. For example, of
the SU(3)  SU(2)  U(1) gauge symmetries, only a U(1) is visible. Similarly the
flavor symmetry is partly broken, as are the symmetries in many condensed matter
systems. This symmetry breaking is part of what makes physics so rich: if all of
the symmetry of the underlying theory were unbroken, it would be much easier to
gure out what that theory is!
Suppose that this same symmetry breaking principle holds for the spacetime
symmetries. The visible spacetime symmetry is SO(3; 1), the Lorentz invariance of
special relativity consisting of the boosts and rotations. A larger symmetry would
be SO(d; 1) for d > 3, the Lorentz invariance of d+ 1 spacetime dimensions.
So extra dimensions are cosmologically plausible, and are a natural extension of the
familiar phenomenon of spontaneous symmetry breaking. In addition, they may be
responsible for some of the physics that we see in nature. To see why this is so,
consider rst the following cartoon version of grand unication. The traceless 3 3
and 22 matrices for the strong and weak gauge interactions t into a 55 matrix,
with room for an extra U(1) down the diagonal: 3 3 X;Y
X; Y 2 2
 (3.10)
Now let us try to do something similar, but for gravity and electromagnetism.
Gravity is described by a metric g , which is a 44 matrix, and electromagnetism




In fact, if one takes Einstein’s equations in ve dimensions, and writes them out
in terms of the components (3.11), they become Einstein’s equations for the four-
dimensional metric g plus Maxwell’s equation for the vector potential A. This
elegant unication of gravity and electromagnetism is known as Kaluza–Klein the-
ory.
For future reference it is useful to look at a simple example. This is a massless
scalar eld in ve spacetime dimensions, with one dimension periodic with period
2R. Let x with  = 0; 1; 2; 3 be the coordinates for the large dimensions, and x4






























which is the Klein-Gordon equation for a scalar eld of mass M = n=R. At low
energies only the n = 0 mode is detectable, but at energies above 1=R one sees
a characteristic innite tower of states. For this simple geometry the states are
spaced evenly in mass. More complicated compact spaces would of course give a
more complicated spectrum, but the average density of states depends only on the
number of additional dimensions. From another point of view, consider how the
spectrum behaves as R!1: the innite tower comes down in mass and forms the
continuum characteristic of a noncompact dimension.
If one looks at the Dirac equation in the higher-dimensional space, one nds a
possible explanation for another of the striking patterns in nature, the existence
of quark and lepton generations. That is, a single spinor eld in the higher-
dimensional space generally reduces to several four-dimensional spinor elds, with
repeated copies of the same gauge quantum numbers.
Unication is accompanied by new physics. In the case of grand unication this
includes the X and Y bosons, which mediate proton decay. In Kaluza{Klein theory
it includes the dilaton , which is the last element in the matrix (3.11). I will
discuss the dilaton further later, but for now let me note that it is likely not to have
observable eects. Of course, in Kaluza{Klein theory there is more new physics:
the extra dimension(s)!
At energies greater than the inverse size of the small dimensions, one can excite
particles moving in those directions. The states are quantized because of the nite
size, and each state of motion looks, from the lower-dimensional point of view, like
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a dierent kind of particle. Thus the signature of passing such a threshold is a
whole tower of new particles, with a spectrum characteristic of the shape of the
extra dimensions.
4 Dualities
Few words have been used with more dierent meanings than the word \duality".
Even within the restricted framework of string theories, duality originally meant a
symmetry between the s and the t-channels in strong interactions (coming from the
demands in the S-matrix approach of the sixties of Regge behavior without xed
poles and analiticity, which were shown to imply the existence of an innite number
of resonances) [72]. Somewhat related ideas, also termed \duality", appear in the
context of Conformal Field Theory (CFT) as simple consequences of locality and
associativity of the operator product expansion (OPE) [73].
Duality symmetry plays an important ro^le in Statistical Mechanics (for a review
and references to the literature see for instance [74]), in particular in the analy-
sis of the phase diagram of spin systems. It can also be understood as a way to
show the equivalence between two apparently dierent theories. On a lattice system
described by a Hamiltonian H(gi) with coupling constants gi the duality transfor-
mation produces a new Hamiltonian H(gi ) with coupling constants g

i on the dual
lattice. In this way one can often relate the strong coupling regime of H(g) with the
weak coupling regime of H(g). An important application was the determination
of the exact temperature at which the phase transition of the two-dimensional Ising
model takes place [75].
More recently, the word \duality" (\space-time duality") has been introduced
in yet another sense. T-duality is a symmetry which relates physical properties
corresponding to big spacetime radius with quantities corresponding to small radius.
This will be our main theme in this review and from now on we will refer to it as just
duality (a general reference is [76]). S-duality is a (conjectural) symmetry relating
the strong coupling regime with the weak coupling one, a bold generalization of
the original conjecture by Montonen and Olive [77]. Still more interesting (and
speculative), there is a \duality of dualities": S-duality for strings corresponds to
T-duality for vebranes and conversely (see [78] for a general review). Another
formally very similar property is -duality, a property of the free energy of strings
at nite temperature [79] which relates the high and the low temperature phases.





The physical interpretation of this symmetry is, however, somewhat uncertain due
to the presence of the Hagedorn temperature.
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4.1 Duality in Field and String Theory
One important idea in the recent developments is duality. This refers to the equiva-
lence between seemingly distinct physical systems. One starts with dierent Hamil-
tonians, and even with dierent elds, but when after solving the theory one nds
that the spectra and the transition amplitudes are identical. Often this occurs be-
cause a quantum system has more than one classical limit, so that one gets back to
the same quantum theory by ‘quantizing’ either classical theory.
This phenomenon is common in quantum eld theories in two spacetime di-
mensions. The duality of the Sine-Gordon and Thirring models is one example;
the high-temperature{low-temperature duality of the Ising model is another. The
great surprise of the recent developments is that it is also common in quantum eld
theories in four dimensions, and in string theory.
A particularly important phenomenon is weak–strong duality. I have emphasized
that perturbation theory does not converge. It gives the asymptotics as the coupling
g goes to zero, but it misses important physics at nite coupling, and at large
coupling it becomes more and more useless. In some cases, though, when g becomes
very large there is a simple alternate description, a weakly coupled dual theory
with g0 = 1=g. In one sense, as g ! 1 the quantum fluctuations of the original
elds become very large (non-Gaussian), but one can nd a dual set of elds which
become more and more classical.
Another important idea is electric–magnetic duality. A striking feature of Maxwell’s
equations is the symmetry of the left-hand side under E ! B and B ! −E. This
symmetry suggests that there should be magnetic as well as electric charges. This
idea became more interesting with Dirac’s discovery of the quantization condition
qeqm = 2n~ ; (4.16)
which relates the quantization of the electric charge (its equal magnitude for protons
and electrons) to the existence of magnetic monopoles. A further key step was the
discovery by ’t Hooft and Polyakov that grand unied theories predict magnetic
monopoles. These monopoles are solitons, smooth classical eld congurations.
Thus they look rather dierent from the electric charges, which are the basic quanta:
the latter are light, pointlike, and weakly coupled while monopoles are heavy, ‘fuzzy,’
and (as a consequence of the Dirac quantization) strongly coupled.
In 1977 Montonen and Olive proposed that in certain supersymmetric unied
theories the situation at strong coupling would be reversed: the electric objects
would be big, heavy, and strongly coupled and the magnetic objects small, light and
weakly coupled. The symmetry of the sourceless Maxwell’s equations would then
be extended to the interacting theory, with an inversion of the coupling constant.
Thus electric{magnetic duality would be a special case of weak{strong duality, with
the magnetically charged elds being the dual variables for the strongly coupled
theory.
The evidence for this conjecture was circumstantial: no one could actually nd
the dual magnetic variables. For this reason the reaction to this conjecture was
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skeptical for many years. In fact the evidence remains circumstantial, but in recent
years it has become so much stronger that the existence of this duality is in little
doubt.
4.2 String Duality, D-Branes, M-Theory
Existence of duality symmetries in string theory started out as a conjecture and still
remains a conjecture. However so many non-trivial tests of these conjectures have
been performed by now that most people in the eld are convinced of the validity
of these conjectures. A review of this subject and more references can be found in
ref.[2].
A duality conjecture is a statement of equivalence between two or more appar-
ently dierent string theories. Two of the most important features of duality are as
follows:
 Often under the duality map, an elementary particle in one theory gets mapped
to a composite particle in a dual theory and vice versa. Thus classication
of particles into elementary and composite loses signicance as it depends on
which particular theory we use to describe the system.
 Often duality relates a weakly coupled string theory to a strongly coupled
string theory and vice versa. In many simple cases the coupling constants g
and g˜ in the two theories are related via the simple relation:
g = g˜−1 : (4.17)
Thus a perturbation expansion in g contains information about non-perturbative
eects in the dual theory. In particular the tree level (classical) results in one
theory can contain contribution from perturbative and non-perturbative terms
in the dual theory. This also clearly shows that duality is a property of the
full quantum string theory, and not of its classical limit.
Thus there are two aspects of duality
elementary $ composite
classical $ quantum
Let me now give some examples of dual pairs of string theories.
 (9+1) dimensional SO(32) heterotic and type I string theories are conjectured
to be dual to each other.[3, 4]
 SO(32) heterotic string theory compactied on a four dimensional torus (de-
noted as T 4) is conjectured to be dual to type IIA string theory compactied
on a dierent four dimensional manifold, denoted by K3.[5]
 Type IIB string theory is conjectured to be self-dual, in the sense that the
type IIB string theories at two dierent couplings g and g˜ related by eq.(4.17)









Figure 9: The five string theories, and M-theory, as limits of a single theory.
 Heterotic string theory compactied on a six dimensional torus, denoted by
T 6, is conjectured to be self-dual in the same sense as above.[6, 7]
Returning to string duality, g.4.2 gives a schematic picture of what was learned
in 1995. Before that time there were ve known string theories. These diered
primarily in the way that supersymmetry acts on the string, and the type I theory
also in that it includes open strings. We now know that starting with any one of
these theories and going to strong coupling, we can reach any of the others. Again,
the idea is that one follows the BPS states and recognizes distinctive patterns in
the limits. The parameter space in the gure can be thought of as two coupling
constants, or as the radii of two compact dimensions.
So due to the fact that a duality conjecture relates two apparently dierent the-
ories, we see that it gives a unied picture of all string theories. The situation is
summarized in Fig.4.2.4 According to this picture the apparently dierent string
theories and their compactications are just dierent limits of the same theory, with
a large parameter space.5 There is no universally accepted name for this central
theory, − I have chosen to call it U -theory for the purpose of this talk. U can be
taken to stand for Unknown or Unied. Some small regions of the parameter space
of U -theory, which can be represented by some weakly coupled string theory, are
reasonably well understood and correspond to the weak coupling regime of the ve
dierent string theories and their compactications. But for most of the parame-
ter space U -theory does not have a description in terms of weakly coupled string
theory. Note that in one corner of the parameter space of U -theory, there is a the-
ory called M -theory [9, 3, 10, 11, 12] which has not been introduced before. At
4One should keep in mind that this is only a schematic representation. Each string theory gives rise to
many weakly coupled string theories after compactication. Also dierent compactications of a string
theory may be separated by innite distance in the moduli space if in order to go from one to the other
one needs to pass through the decompactication limit. Finally, not all components of U -theory may
belong to the same moduli space, i.e. there may not be a continuous path connecting them such that
each point on the path represents a solution of the eld equations [8], but it is expected that they are all
connected via intermediate congurations which are not necessarily solutions of eld equations.
5In string theory parameters themselves are related to vacuum expectation values of dierent elds
and are expected to be determined dynamically.
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present not much is known about M -theory except that its low energy limit is the
eleven dimensional supergravity theory, and that various string theories and their
compactications approach M -theory in certain limits. However, unlike string the-
ory, M -theory does not have any coupling constant, and no systematic procedure
for doing computations in M -theory beyond the low energy supergravity limit is
known. (As we shall discuss later, Matrix theory is an attempt in this direction.) It
is generally believed that due to the absence of a coupling constant, understanding
M -theory will require a full understanding of U -theory, and for this reason U -theory
has often been identied with M -theory. However, we shall keep the distinction be-
tween the two, and reserve the name M -theory for the unknown eleven dimensional
theory which arises in a certain limit of U -theory.
We have emphasized that the underlying spacetime symmetry of string theory is
SO(9; 1). However, the M-theory point in the gure is in fact a point of SO(10; 1)
symmetry: the spacetime symmetry of string theory is larger than had been sus-
pected. The extra piece is badly spontaneously broken, at weak coupling, and not
visible in the perturbation theory, but it is a property of the exact theory. It is in-
teresting that SO(10; 1) is known to be the largest spacetime symmetry compatible
with supersymmetry.
Another way to describe this is that in the M-theory limit the theory lives
in eleven spacetime dimensions: a new dimension has appeared. This is one of the
surprising discoveries of the past few years. How does one discover a new dimension?
It is worthwhile explaining this in some more detail. The D0-brane mass is related






When gs is small this is heavier than the string scale, but when gs is large it is
lighter. Further, the D0-brane is a BPS state and so this result is exact. If one
considers now a state with N D0-branes, the mass is bounded below by NmD0, an





exactly. Now observe that for gs large, all of these masses become small. What can
the physics be? In fact, this is the spectrum associated with passing a threshold





That is, small gs is small R and large gs is large R. In particular, perturbation
theory in gs is an expansion around R = 0: this is why this dimension has always
been invisible!
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4.3 Duality Symmetries of String Theory
In String Theory and Two-Dimensional Conformal Field Theory duality is an im-
portant tool to show the equivalence of dierent geometries and/or topologies and
in determining some of the genuinely stringy implications on the structure of the
low energy Quantum Field Theory limit. Duality symmetry was rst described
on the context of toroidal compactications [80]. For the simplest case of a single
compactied dimension of radius R, the entire physics of the interacting theory is
left unchanged under the replacement R ! ′=R provided one also transforms the
dilaton eld ! − log (R=
p
′) [81]. This simple case can be generalized to arbi-
trary toroidal compactications described by constant metric gij and antisymmetric
tensor bij [83]. The generalization of duality to this case becomes (g+b) ! (g+b)−1
and ! − 12 log det(g + b). In fact this transformation is an element of an innite
order discrete symmetry group O(d; d;Z) for d-dimensional toroidal compactica-
tions [84, 85]. The symmetry was later extended to the case of non-flat conformal
backgrounds in [87]. In Buscher’s construction one starts with a manifold M with
metric gij ; i; j = 0; : : : d − 1, antisymmetric tensor bij and dilaton eld (xi). One
requires the metric to admit at least one continuous abelian isometry leaving invari-
ant the -model action constructed out of (g; b; ). Choosing an adapted coordinate
system (x0; x) = (; x);  = 1; : : : d− 1 where the isometry acts by translations of
, the change of g; b;  is given by
~g00 = 1=g00; ~g0 = b0=g00;
~g = g − (g0g0 − b0b0)=g00
~b0 = g0=g00;
~b = b − (g0b0 − g0b0)=g00;
~ = − 1
2
log g00: (4.21)
The nal outcome is that for any continuous isometry of the metric which is a
symmetry of the action one obtains the equivalence of two apparently very dierent
non-linear -models. The transformation (4.21) is referred to in the literature as
abelian duality due to the abelian character of the isometry of the original -model.
If n is the maximal number of commuting isometries, one gets a duality group of
the form O(n; n;Z) [89]. Duality symmetries are useful in determining important
properties of the low-energy eective action, in particular in questions related to
supersymmetry breaking and to the lifting of flat directions from the potential
[86]. Although the transformation (4.21) was originally obtained using a method
apparently not compatible with general covariance, it is not dicult to modify the
construction to eliminate this drawback [90]. A particularly useful interpretation
of (4.21) is in terms of the gauging of the isometry symmetry [88]. The duality
transformation proceeds in two steps: i) First one gauges the isometry group, thus
introducing some auxiliary gauge eld variables A. The gauge eld is required to
be flat and this is implemented by adding a Lagrange multiplier term of the form
dA. It is naively clear that if we rst perform the integral ovel , this provides a
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-function dA on the measure, implying that A = dX is a pure gauge (we consider a
spherical world sheet for simplicity). Fixing X = 0 the original model is recovered.
ii) The second step consists of integrating rst the gauge eld A. Since there is no
gauge kinetic term, the integration is gaussian, yielding a Lagrangian depending on
the original variables and the auxiliary variable . After xing the gauge the dual
action follows. In [88] it was further shown that if one starts with a conformal eld
theory (CFT), conformal invariance is preserved by abelian duality. The proof was
based on an analogy between the duality transformation and the GKO construction
[103].
Of more recent history is the notion of non-abelian duality [93, 94, 95, 96],
which has no analogue in Statistical Mechanics. The basic idea of [93], inspired in
the treatment of abelian duality presented in [88], is to consider a conformal eld
theory with a non-abelian symmetry group G. In this case the gauge eld variables
A and the Lagrange multipliers live in the Lie algebra associated to G. The duality
transformation proceeds in the two steps described above.
In the abelian case it is also possible to work out the mapping between some
operators in the original and dual theories, as well as the global topology of the
dual manifold [90]. Thus for G abelian we have a rather thorough understanding
of the detailed local and global properties of duality. In the non-abelian case global
information can only be extracted for -models with chiral currents [96]. For these
models it is possible to perform a non-local change of variables in the Lagrange
multiplier term such that the Lagrangian keeps its local expression and from it the
global properties of the dual model can be worked out. The same construction does
not work for general -models without chiral isometries.
5 The Canonical Approach
Some suggestions have been made in the literature pointing (at least in the simplied
situation where all backgrounds are constant or dependent only on time) towards
an understanding of duality as particular instances of canonical transformations
[85, 115].
In this section we are going to show that this idea works well when the back-
ground admits an abelian isometry [116], laying duality on a simpler setting than
before, namely as a (privileged) subgroup of the whole group of (non-anomalous,
that is implementable in Quantum Field Theory [117]) canonical transformations
on the phase space of the theory.
We will proof that Buscher’s transformation formulae can be derived by perform-
ing a given canonical transformation on the Hamiltonian of the initial theory. We
believe that this is a \minimal" approach in the sense that no extraneous structure
has to be introduced, and all standard results in the abelian case (and more) are
easily recovered using it. In particular it is possible to perform the duality transfor-
mation in arbitrary coordinates not only in the original manifold (which was also
possible in Rocek and Verlinde’s formulation) but also in the dual one. The mul-
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tivaluedness and periods of the dual variables can be easily worked out from the
implementation of the canonical transformation in the path integral. The gener-
alization to arbitrary genus Riemann surfaces is in this approach straightforward.
The behavior of currents not commuting with those used to implement duality can
also be claried. In the case of WZW models it becomes rather simple to prove that
the full duality group is given by Aut(G)L Aut(G)R, where L;R refer to the left-
and right-currents on the model with group G, and Aut(G) are the automorphisms
of G, both inner and outer. Due to the chiral conservation of the currents in this
case, the canonical transformation leads to a local expression for the dual currents.
In the case where the currents are not chirally conserved, then those currents asso-
ciated to symmetries not commuting with the one used to perform duality become
generically non-local in the dual theory and this is why they are not manifest in
the dual Lagrangian. All the generators of the full duality group O(d; d;Z) can be
described in terms of canonical transformations. This gives the impression that the
duality group should be understood in terms of global symplectic diemorphisms.
It would be useful to formulate it in the context of some analogue of the group of
disconnected dieomorphisms, but for the time being such a construction is lacking.
Concerning non-abelian duality, it seems to fall beyond the scope of the Hamil-
tonian point of view. There is one example [118] in which the non-abelian dual
has been constructed out of a canonical transformation but it is still early to say
whether the general case can be treated similarly.
5.1 The Abelian Case





(gab + bab)()@+a@−b (5.1)




(gab(pa − bac′ c)(pb − bbd′ d) + gab′ a′ b) (5.2)
where 
′ a  da=d. We assume moreover that there is a Killing vector eld ka,
Lkgab = 0 and ikH = −dv for some one-form v, where (ikH)ab  kcHcab and
H = db locally. This guarantees the existence of a particular system of coordinates,
\adapted coordinates", which we denote by xi  (; x), such that ~k = @=@. We
denote the jacobian matrix by eia  @xi=@a.
This denes a point transformation in the original Lagrangian (5.1) which acts
on the Hamiltonian as a canonical transformation with generating function  =
xi()pi, and yields:
pa = eiapi
xi = xi(): (5.3)
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G( _2 − ′ 2) + ( _ + ′)J− + ( _ − ′)J+ + V (5.4)
where







(g0 + b0)@−x J+ =
1
2
(g0 − b0)@+x: (5.5)
In nding the dual with a canonical transformation we can use the Routh function
with respect to , i.e. we only apply the Legendre transformation to (; _). The
canonical momentum is given by
p = G _ + (J+ + J−) (5.6)
and the Hamiltonian
H = p _ − L = 12G








G−1(J+ + J−)2 + 
′
(J+ − J−)− V: (5.7)









+ J+ − J−)′ (5.8)
and the current components:















′ − J+ − J−
2
: (5.9)
It can easily be seing that the current conservation @−J+ + @+J− = 0 is equivalent
to the second Hamilton equation _p = −H=.






















This generating functional does not receive any quantum corrections (as explained
in [117]) since it is linear in  and ~. If  was not an adapted coordinate to a
continuous isometry, the canonical transformation would generically lead to a non-
local form of the dual Hamiltonian. Since the Lagrangian and Hamiltonian in our
case only depend on the time- and space-derivatives of , there are no problems
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= Gp˜ − (J+ − J−); (5.13)






− ~′ 2) +G−1J+( _~ − ~′)
−G−1J−( _~ + ~′) + V − 2G−1J+J−: (5.14)
From this expression we can read the dual metric and torsion and check that they
are given by Buscher’s formulae6:




; ~b = b − g0b0 − g0b0
g00
(5.15)
For the dual theory to be conformal invariant the dilaton must transform as 
′
=
 − 12 log g00 [87] [81]. We have not been able to nd any argument justifying this
transformation within the canonical transformations approach.
The dual manifold ~M is automatically expressed in coordinates adapted to the
dual Killing vector ~~k = @=@~. We can now perform another point transformation,
with the same jacobian as (5.3) to express the dual manifold in coordinates which
are as close as possible to the original ones.
The transformations we perform are then: First a point transformation a !
f; xg, to go to adapted coordinates in the original manifold. Then a canonical
transformation f; xg ! f~; xg, which is the true duality transformation. And
nally another point transformation f~; xg ! ~a, with the same jacobian as the
rst point transformation, to express the dual manifold in general coordinates.
6The minus signs in ~g0α and ~b0α can be absorbed in a redenition ~ ! −~.
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It turns out that the composition of these three transformations can be expressed
in geometrical terms using only the Killing vector ka, !a  e0a and the corresponding
dual quantities7.
It is then quite easy to check that the total canonical transformation to be made
in (5.1) is just
kapa ! ~!a ~′ a
!a
′ a ! ~ka~pa; (5.16)










~!ad~a ^ !bdb: (5.17)
One then easily performs the transformations in such a way that the dual metric
and torsion can be expressed in geometrical terms as
~gab = gab − 1
k2
(kakb − (va − !a)(vb − !b)) (5.18)
~gab = gab +
1
(1 + k:v)2
[(k2 + (v − !)2)kakb − 2(1 + k:v)(k(a(v − !)b)] (5.19)
and
~bab = bab − 2
k2
k[a(v − !)b]; (5.20)
where
k(a(v − !)b) =
1
2
(ka(vb − !b) + kb(va − !a))
k[a(v − !)b] =
1
2
(ka(vb − !b)− kb(va − !a)): (5.21)
These formulae are the covariant generalization of (5.15). The canonical approach
has been very useful in order to obtain the dual manifold in an arbitrary coordinate
system. With the usual approaches it is expressed in adapted coordinates to the dual
isometry. This happens because the dual variables appear as Lagrange multipliers
and after an integration by parts only the derivatives of them emerge, being then
adapted coordinates automatically.
Some other useful information can be extracted easier in the approach of the
canonical transformation.
7Note that we must raise and lower indices with the dual metric, i.e. ~eia = ~gij~eja; ~eia = ~gab~eib, which
implies ~!a = !a, but ~!a = ka(k2 + v2) + ~e a  v (where ~e a  eaα), ~ka = ka but ~ka = (!a− (~ea  v))=k2. We
have moreover ~! 2 = k2 + v2 + gαβvβ!α and ~k2 = 1=k2.
8The one-form !  !ada is dual to the Killing vector ~k: !(~k) = 1, !(~eα) = 0, but it is of course
dierent from k  ka=k2 da (the former is an exact form, whereas the latter does not even in general
satisfy Frobenius condition k ^ dk = 0).
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From the generating functional (5.10) we can learn about the multivaluedness
and periods of the dual variables [90]. Since  is periodic and in the path integral
the canonical transformation is implemented by [117]:
 k[~()] = N(k)
∫
D()eiF [˜;()]k[()] (5.22)
where N(k) is a normalization factor, k( + a) = k() implies for ~: ~( + 2)−
~() = 4=a, which means that ~ must live in the dual lattice of . Note that (5.22)
suces to construct the dual Hamiltonian. It is a simple exercise to check that
acting with (5.12) on the left-hand side of (5.22) and pushing the dual Hamiltonian
through the integral we obtain the original Hamiltonian acting on k[()]:
~H k[~()] = N(k)
∫
D()eiF [˜;()]Hk[()] (5.23)
This makes the duality transformation very simple conceptually, and it also im-
plies how it can be applied to arbitrary genus Riemann surfaces, because the state
k[()] could be the state obtained by integrating the original theory on an arbi-
trary Riemann surface with boundary. It is also clear that the arguments generalize
straightforwardly when we have several commuting isometries.










= G−1(p − J+ − J−) ! _p˜ = (G−1(~
′
+ J+ + J−))
′
; (5.24)
and that the canonical transformed currents conservation law is in this case equiv-
alent to the rst Hamilton equation.
In the chiral case J− = 0 (i.e. g0i = −b0i) and G is a constant, therefore we can














)2 − V: (5.26)
The action is invariant under  = (x+), a U(1)L Kac-Moody symmetry. The U(1)
Kac-Moody algebra has the automorphism J+ ! −J+. This is precisely the eect
of the canonical transformation. The equation of motion or current conservation is:
@−(@+ + J+) = 0: (5.27)
J+ = @+ + J+ = p + ′ transforms under the canonical transformation in J c:t:+ =
−~′ − p˜ = −J+.
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One can also follow the transformation to the dual model of other continuous
symmetries. The simplest case is as usual the WZW-model which is the basic model











The left- and right-chiral currents are
J+ = k2@+gg
−1 J− = − k2g
−1@−g: (5.29)
Parametrizing g in terms of Euler angles
g = ei3=2ei2=2eiγ3=2; (5.30)












(@++ cos @+γ); (5.31)
and similarly for the right currents. If we perform duality with respect to  !
 + constant, J 3+ ! −J 3+;J 3− ! J 3− since J 3+ is the current component adapted
to the isometry. For these currents it is easy to nd the action of the canonical
transformation because only the derivatives of  appear. For J 1;2+ there is an
explicit dependence on  and it seems that the transform of these currents is very
non-local. However due to its chiral nature, one can show that there are similar
chirally conserved currents in the dual model. To do this we rst combine the
currents in terms of root generators:
J (+)+ = J 1+ + iJ 2+ = e−i(i@+ − sin @+γ) = e−ij(+)+
J (−)+ = J 1+ − iJ 2+ = −ei(i@+ + sin @+γ) = eij(−)+ : (5.32)
From chiral current conservation @−J ()+ = 0 we obtain
@−j
()
+ = i@−j()+ : (5.33)
In these equations only _;0 appear, and after the canonical transformation we can
reconstruct the dual non-abelian currents (in the previous equations the canonical
transformation amounts to the replacement ! ~) which take the same form as the
original ones except that with respect to the transformed J 3+ the ro^les of positive and
negative roots get exchanged. One also veries that J a− are unaected. This implies
therefore that the eect of duality with respect to shifts of  is an automorphism
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of the current algebra amounting to performing a Weyl transformation on the left
currents only while the right ones remain unmodied. This result although known
[92] is much easier to derive in the Hamiltonian formalism than in the Lagrangian
formalism where one must introduce external sources which carry some ambiguities.
The construction for SU(2) can be straightforwardly extended to other groups. This
implies that for WZW-models the full duality group is Aut(G)L Aut(G)R, where
Aut(G) is the group of automorphisms of the group G, including Weyl transforma-
tions and outer automorphisms. For instance if we take SU(N), the transformation
J+ ! −JT+ , i.e. charge conjugation, follows from a canonical transformation of the
type discussed. It suces to take as generating functions for the canonical trans-
formation the sum of the generating functions for each generator in the Cartan
subalgebra. It is important to remark that the chiral conservation of the currents
is crucial to guarantee the locality of the dual non-abelian currents. If the con-
served current with respect to which we dualize is not chirally conserved locality is
not obtained. The simplest example to verify this is the principal chiral model for
SU(2), which although is not a CFT serves for illustrative purposes. The equations
of motion for this model imply the conservation laws:




If we perform duality with respect to the invariance under  translations we know
how J 3 transform, since they are the currents associated to the isometry. With the
canonical transformation is possible to see as well which are the other dual conserved
currents. Since the dual model is only U(1)-invariant one expects the rest of the
currents to become non-local [118]. In terms of the root generators introduced in
(5.32) the conservation laws






−  i(@−j()+ + @+j()− ) = 0: (5.37)
Performing the canonical transformation we obtain that the dual conserved currents
are given by:
~J (+) = exp (i
∫
d( _~ + cos γ
′
))(i@ − sin @γ)
~J (−) = − exp (−i
∫
d( _~+ cos γ
′
))(i@ + sin @γ) (5.38)
which cannot be expressed in a local form.
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6 An Alternative to String Theory?
In quantum mechanics we have the usual position-momentum uncertainty relation
xp  ~2 : (6.39)
Quantum gravity seems to imply a breakdown in spacetime at the Planck length,
so perhaps there is also a position-position uncertainty relation
xx  L2P : (6.40)
This has been discussed many times, and there are many ways that one might try
to implement it. We will do this as follows. Suppose that we have N nonrelativistic
particles. In normal quantum mechanics the state would be dened by N position
vectors
Xi ; i = 1; : : : ; N : (6.41)
Let us instead make these into Hermitean matrices in the particle-number index
Xij ; i; j = 1; : : : ; N : (6.42)
It is not obvious what this means, but we will see that it leads to an interesting















The rst term is just an ordinary nonrelativistic kinetic term, except that we now
have N2 coordinate vectors rather than N so there is a momentum for each, and
we sum the squares of all of them. The indices m and n run over the D− 1 spatial
directions, and M and M 0 are large masses, of order the Planck scale. The potential
term is chosen as follows. We want to recover ordinary quantum mechanics at low
energy. The potential is the sums of the squares of all of the components of all
of the commutators of the matrices Xij , with a large coecient. It is therefore
large unless all of these matrices commute. In states with energies below the Planck
scale, the matrices will then commute to good approximation, so we do not see the
new uncertainty (6.40) and we recover the usual quantum mechanics. In particular,
we can nd a basis which diagonalizes all the commuting Xmij . Thus the eective
coordinates are just the N diagonal elements Xmii of each matrix in this basis, which
is the right count for N particles in ordinary quantum mechanics: the Xmii behave
like ordinary coordinates.
The Hamiltonian (6.43) has interesting connections with other parts of physics.
First, the commutator-squared term has the exact same structure as the four-gluon
interaction in Yang{Mills theory. This is no accident, as we will see later on. Second,
there is a close connection to supersymmetry. In supersymmetric quantum mechan-
ics, one has operators satisfying the algebra (3.5,3.6). Again in general there are
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several supersymmetry charges, and the number N of these Qs is signicant. For
small values of N , like 1, 2 or 4, there are many Hamiltonians with the symme-
try. As N increases the symmetry becomes more constraining, and N = 16 is the
maximum number. For N = 16 there is only one invariant Hamiltonian, and it is
none other than our model (6.43). To be precise, supersymmetry requires that the
particles have spin, that the Hamiltonian also has a spin-dependent piece, and that
the spacetime dimension D be 10. In fact, supersymmetry is necessary for this idea
to work. The vanishing of the potential for commuting congurations was needed,
but we only considered the classical potential, not the quantum corrections. The
latter vanish only if the theory is supersymmetric.
So this model has interesting connections, but let us return to the idea that we
want a theory of gravity. The interactions among low energy particles come about
as follows. We have argued that the potential forces the Xij to be diagonal: the
o-diagonal pieces are very massive. Still, virtual o-diagonal excitations induce
interactions among the low-energy states. In fact, the leading eect, from one loop
of the massive states, produces precisely the (super)gravity interaction among the
low energy particles.
So this simple idea seems to be working quite well, but we said that we were
going to fail in our attempt to nd an alternative to string theory. In fact we have
failed because this is not an alternative: it is string theory. It is actually one piece
of string theory, namely the Hamiltonian describing the low energy dynamics of N
D0-branes.
We have discussed this model because the model is important for a number of
reasons. In fact, it is conjectured that it is not just a piece of string theory, but is
actually a complete description. The idea is that if we view any state in string theory
from a very highly boosted frame, it will be described by the Hamiltonian (6.43) with
N large. Particle physicists are familiar with the idea that systems look dierent
as one boosts them: the parton distributions evolve. The idea here is that the D0-
branes are the partons for string theory; in eect the string is a necklace of partons.
This is the matrix theory idea of Banks, Fischler, Shenker, and Susskind (based on
earlier ideas of Thorn), and at this point it seems very likely to be correct or at
least a step in the correct direction.
To put this in context, let us return to the point made earlier that the perturba-
tion theory does not dene the theory for nite g. In fact, every indication is that
the string description is useful only near the ve cusps of the gure in which the
string coupling becomes weak. In the center of the parameter space, not only do we
not know the Hamiltonian but we do not know what degrees of freedom are sup-
posed to appear in it. It is likely that they are not the one-dimensional objects that
one usually thinks of in string theory; is it more likely that they are the coordinate
matrices of the D-branes.
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7 Application of String Theory to Gauge The-
ories
We shall now discuss application of string theory to gauge theories. Since we have
been discussing Maldacena conjecture, we shall rst discuss its application, and then
turn to the (historically older) subject of gauge theories from branes.
7.1 Maldacena Conjecture
Since the Maldacena conjecture relates string theory to gauge theory, we can use
it to study gauge theories using known results in string theory. This may sound
strange, as we understand gauge theories much better than string theory; however
as we shall see, in some region in the parameter space the string theory side is
better understood, and hence can be useful in deriving gauge theory results. For
this let us look at the relation (??) between the string theory and the gauge theory
parameters. If we consider the ’t Hooft large N limit [48] on the gauge theory side:
gY M ! 0; N !1;   g2Y MN = xed ; (7.44)
then it corresponds to the following limit in string theory:
gst ! 0; Rp
0
= (4)1=4 = xed : (7.45)
The smallness of gst implies that in this limit we can use classical string theory. Let
us now further take the limit when the ’t Hooft coupling  is large. In this case
R=
p
0 is large and hence we can approximate string theory by its supergravity limit
for computation of Green’s functions with external momenta small compared to the
string scale. Since these Green’s functions are related to the correlation functions
of gauge invariant operators in the gauge theory, we conclude that in the t’ Hooft
large N limit with large ’t Hooft coupling , the gauge theory correlation functions
can be computed by studying classical type IIB supergravity theory on S5 AdS5!
Note that ordinary large N perturbation theory in gauge theory is useless in this
limit, as it involves a series expansion in . Thus this approach can give genuinely
new results in gauge theory.
Here I shall discuss one example − the computation of (non-dynamical) quark
anti-quark potential in the N = 4 supersymmetric gauge theory.[49, 50] It turns
out that using the Maldacena conjecture this problem can be mapped to the geo-
metric problem of nding the minimal area surface bounded by a xed curve at the
boundary of AdS5 as illustrated in Fig.10. This problem is easily solved, and the
nal answer for the potential is:










Figure 10: Computation of Wilson line − or equivalently, the quark anti-quark potential
− using Maldacena conjecture. Here C is a closed curve in the four dimensional space-
time, regarded as the boundary of AdS5, and S is a surface of minimal area in the interior
of AdS5 subject to the condition that C is its boundary. The Wilson line associated with
the curve C in the N = 4 supersymmetric gauge theory is given by the area of the surface
S in AdS5.
where r is the separation between the quark and the anti-quark. Although the
r dependence of the potential follows from the conformal invariance of the gauge
theory, the dependence on the coupling constant gY M is novel since it is linear
instead of quadratic as expected from perturbation theory.
One can also use the Maldacena conjecture to study N = 4 supersymmetric
gauge theories at nite temperature T .[43, 51] In this case we need to make the
time direction
 Euclidean, and
 periodic with period 2T−1.
This theory turns out to be dual to type IIB string theory on S5 K, where K is
a new ve dimensional manifold representing the Euclidean black hole solution in
AdS5. The boundary of this new manifold K is R3  S1, which is to be identied
with the three space and the periodic time direction of the gauge theory. As in
the case of the zero temperature theory, in the ’t Hooft large N limit, with large ’t
Hooft coupling  for the gauge theory, the relevant type IIB string theory can be
approximated by classical type IIB supergravity theory on S5K. This description
can be used to study various properties of the nite temperature gauge theory in
this limit. Thus for example, the problem of nding the mass spectrum in the nite
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temperature gauge theory can be mapped to the problem of nding eigenvalues of
certain dierential operators on K. As an example we quote the relevant dierential
equation for determining the mass mn of the nth scalar ‘glueball’ (from the point
of view of three dimensional gauge theory obtained in the high temperature limit










= −m2nfn ; (7.47)
where , denoting the ‘radial coordinate’ in K, lies in the range 1   < 1. fn
satises the boundary conditions
dfn
d
= 0 at  = 1
fn  −1 as !1 : (7.48)
This converts a non-perturbative quantum eld theory problem to a classical eigen-
value problem. This eigenvalue problem can be solved by numerical methods.[52]
So far we have talked about supersymmetric gauge theories. It is natural to ask
if these techniques can be used for getting information about pure SU(N) gauge
theories. It was shown by Witten [51] that pure SU(N) gauge theory is dual to
M -theory on S4K7, where K7 is a particular seven dimensional manifold related
to the Euclidean black hole solution in the seven dimentional anti-de Sitter space.
The temperature of this black hole, which is a parameter labelling the manifold K7,
corresponds to the ultraviolet cut-o in the SU(N) gauge theory. In the limit
N !1; gY M ! 0; g2Y MN = xed but large ; (7.49)
M -theory can be approximated by classical eleven dimensional supergravity the-
ory. Thus various properties of gauge theory in this limit can be studied using the
classical supergravity theory on S4 K7. In particular one can prove connement
and existence of a mass gap in the gauge theory in this limit. However, since pure
SU(N) gauge theory is asymptotically free, in order to take the continuum limit,
one needs to take the ultraviolet cut-o to innity, and the ’t Hooft coupling g2Y MN
to zero keeping a certain combination xed. Unfortunately in this limit the classical
supergravity is no longer a good approximation to M -theory. Thus application of
these ideas to the study of large N gauge theory in the continuum limit remains an
open problem.
7.2 Gauge Theories from Branes
Let me now discuss another approach that has been useful in deriving gauge theory
results from string theory.[53, 54, 55, 56] This involves the study of branes. Histor-
ically this preceeds the Maldacena conjecture, and in fact Maldacena arrived at his





Figure 11: a) A D0-brane with two attached strings. b) A D1-brane (bold) with attached
string. c) A D2-brane with attached string.
Branes are static classical solutions in string theory which are known to exist
in many string theories. In string theory strings usually move freely. However,
some string theories also predict localized objects, sort of like defects in a crystal,
where strings can break open and their endpoints get stuck. These are known as D-
branes, short for Dirichlet (a kind of boundary condition | see Jackson) membranes.
Depicted in g.??, they can be points (D0-branes), curves (D1-branes), sheets (D2-
branes), or higher-dimensional objects. They are dynamical objects | they can
move, and bend | and their properties, at weak coupling, can be determined with
the same machinery used elsewhere in string theory.
Even before string duality it was found that one could make D-branes starting
with just ordinary strings (for string theorists, I am talking about T -duality). Now
we know that they are needed to ll out the duality multiplets. They have many
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interesting properties. One is that they are smaller than strings; one cannot really
see this pictorially, because it includes the quantum fluctuations, but it follows from
calculations of the relevant form factors. Since we are used to thinking that smaller
means more fundamental, this is intriguing, and we will return to it.
A p-brane denotes a static conguration which extends along p spatial direc-
tion (the tangential directions) and is localized in all other spatial directions (the
transverse directions). Thus the solution is invariant under translation along the p
directions tangential to the brane, as well as the time direction, and approaches the
vacuum conguration as we go away from the brane in any one of the transverse




etc. Typically the quantum dynamics of a conguration of p-branes is described by
a (p + 1) dimensional gauge eld theory,[57, 58] and the coupling constant of this
quantum eld theory is related to the coupling constant of the string theory of which
the brane conguration is a solution. In this case duality symmetries relating strong
and weak coupling limits of the original string theory can be used to derive duality
relations involving the quantum eld theories describing the dynamics of the brane.
This approach has been used to derive many dierent results in supersymmetric
gauge theories. Some example are:
 Derivation of Montonen-Olive duality [59] in N = 4 supersymmetric gauge
theories.[60]
 Derivation of Seiberg-Witten like results [61] in N = 2 supersymmetric gauge
theories.[53, 54, 56]
 Derivation of a special kind of symmetry, known as the mirror symmetry,[62]
in (2+1) dimensional gauge theories.[55]
 Derivation of Seiberg dualities [63] involving N = 1 supersymmetric gauge
theories in (3+1) dimensions.[64, 65]
Existence of branes in string theory has also given rise to the possibility that the
standard model gauge elds arise from branes rather than in the bulk of space-time.
This corresponds to novel compactications in which gravity lives in the bulk of the
ten dimensional space-time, but the other observed elds (quarks, leptons, gauge
particles etc.) live on a brane of lower dimension[69]. In particular we might imagine
a scenario in which the standard model elds live on a three brane, the directions
transverse to the three brane being compact, and the directions tangential to the
three brane describing the usual three dimensional space. There may also be other
branes, separated from us in the extra directions, forming ‘shadow worlds’ ! This
situation has been illustrated in Fig.12. Since the usual gauge and matter elds
live on the brane, they do not see the extra transverse directions; the only long
range interaction which sees the extra directions is gravity. This allows the extra
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Our Brane Bulk Shadow Brane
Figure 12: Possibility of novel compactifications involving branes. Our brane hosts the
standard model fields, the (9+1) dimensional ‘bulk’ hosts gravity and its superpartners,
and the shadow brane hosts other fields which communicate to us via gravitational inter-
action. Supersymmetry may be broken at a high scale in the shadow brane, and yet have
relatively small effect in our brane due to the weakness of gravitational interactions.
dimensions to be much larger ( 1mm) than in the conventional compactication
scheme, the most stringent bound coming from tests involving the inverse square law
of Newtonian gravity.[70] This fact has been used in recent proposals for superstring
model building.[71]
8 Summary
It is now time to summarise the main results. We have seen that string theory has
had a reasonable success in providing a consistent quantum theory of gravity. In
particular we have achieved:
 Finiteness of perturbation theory,
 Partial resolution of the problems associated with quantum theory of black
holes,
 Explicit realization of holographic principle for a special class of space-time,
and
 (3+1) dimensional theories with gravity, gauge interactions, chiral fermions
and N = 1 supersymmetry, closely resembling the standard model.
String theory has also provided us with an internally consistent and beautiful theory.
In particular string duality provides us with
 Unication of many dierent string theories,
 Unication of elementary and composite particles, and
 Unication of classical and quantum eects.
Progress in string theory has also dramatically improved our understanding of su-
persymmetric quantum eld theories.
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Unfortunately, there are still no concrete new predictions of string theory at low
energies. We shall have to wait and see if the situation improves during the next
few years.
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